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Abstract 

In this article, we review gauge-Higgs unification models based on gauge theories dehned on 
six-dimensional spacetime with S'^/Z2 topology in the extra spatial dimensions. On the extra 
52/Z2 space, non-trivial boundary conditions are imposed. This review considers two scenarios for 
constructing a four-dimensional theory from the six-dimensional model. One scheme utilizes the 
SO (12) gauge symmetry with a special symmetry condition imposed on the gauge field, whereas the 
other employs the Eg gauge symmetry without requiring the additional symmetry condition. Both 
models lead to a Standard Model-like gauge theory with the SU(3) x SU(2)l x U(l)y(x 11(1)^) 
symmetry and SM fermions in four dimensions. The Higgs sector of the model is also analyzed. 
The electroweak symmetry breaking can be realized, and the weak gauge boson and Higgs boson 
masses are obtained. 
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I. INTRODUCTION 



The Higgs sector of the Standard Model (SM) plays an essential role in the spontaneous 
symmetry breaking (SSB) from the SU(3)c x S\J{2)l x U(1)y gauge group down to SU(3)(7 
X U(l) EM, thereby giving masses to the SM elementary particles. However, the SM does not 
address the most fundamental nature of the Higgs sector, such as the mass and self-coupling 
constant of the Higgs boson. Therefore, the Higgs sector is not only the last territory in the 
SM to be discovered, but will also provide key clues to new physics at higher energy scales. 

Gauge-Higgs unification is one of many attractive approaches to physics beyond the SM 
in this regard [l-3| (for recent approaches, see Refs. [5-211). In this approach, the Higgs 
particles originate from the extra-dimensional components of the gauge field defined on 
spacetime with the number of dimensions greater than four. In other words, the Higgs 
sector is embraced into the gauge interactions in the higher- dimensional model, and many 
fundamental properties of Higgs boson are dictated by the gauge interactions. 

In our recent studies, we have shown interesting properties of one type of gauge-Higgs 
unification models based on grand unified gauge theories defined on six-dimensional (6D) 
spacetime, with the extra-dimensional space having the topological structure of two-sphere 
orbifold SyZ2 

In the usual coset space dimensional reduction (CSDR) approach one imposes 

on the gauge fields the symmetry condition which identifies the gauge transformation as 
the isometry transformation of S'^ due to its coset space structure S'^=SU(2)/U(1). The 
dimensional reduction is explicitly carried out by applying the solution of the symmetry 
condition. A background gauge field is introduced as part of the solution Such a 
background gauge field is also necessary for obtaining chiral fermions in four dimensional 
(4D) spacetime, even without the symmetry condition. After the dimensional reduction, 
no Kaluza-Klein (KK) mode appears because of the imposed symmetry condition. The 
symmetry condition also restricts the gauge symmetry and the scalar contents originated 
from the extra gauge field components in the 4D spacetime. Moreover, a suitable potential 
for the scalar sector can be obtained to induce SSB at tree level. 

In this article, we consider two scenarios for constructing the 4D theory from a 6D model: 
one utilizing the symmetry condition for the gauge field, whereas the other without it. In 
the first scenario, however, we do not impose the condition on the fermions as used in other 
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CSDR models. We then have massive KK modes for fermions but not the gauge and scalar 
fields in 4D. We can thus obtain a dark matter candidate under assumed KK parity. In 
the case without the symmetry condition, we find that the background gauge field restricts 
the gauge symmetry and massless particle contents in 4D. Also, there are KK modes for 
each field, with the mass spectrum determined according to the model. Generally, massless 
modes do not appear in the KK mass spectrum because of the positive curvature of the S'^ 



space 



28| . With the help of the background gauge field, however, we obtain massless KK 



modes for the gauge bosons and fermions. 

Generally, the gauge symmetry of a grand unified theory (GUT) tends to remain in 



25 



29 



33|. Also, it is difficult to obtain 



4D in these dimensional reduction approaches 
the appropriate Higgs potential to break the GUT gauge symmetry because of the gauge 
group structure. A GUT gauge symmetry can be broken to the SM gauge symmetry by the 



non-trivial 



m 



boundary conditions (for cases with orbifold extra space, see, for example 



17-19 



34 



35|). Therefore, to solve the above-mentioned problems, we impose 
on the fields of the 6D model a set of non-trivial boundary conditions on the S"^ /Z2 space. 
Therefore, the gauge symmetry, scalar contents and massless fermions are determined by 
these boundary conditions and the background gauge field. We find that in both scenarios, 
with or without the symmetry condition for the gauge field, the electroweak symmetry 
breaking (EWSB) can be realized, and the Higgs boson mass is predicted by analyzing the 
Higgs potential in the respective model. 

This paper is organized as follows. In Sec. [Tll we review the two scenarios for constructing 
the 4D theory from gauge theories on 6D spacetime whose extra space has the S"^ /Z2 topology 
with a set of non-trivial boundary conditions. In Sec. Illlt we show the models based on 
S0(12) and Eg gauge symmetries, with the former imposed by the symmetry condition on 
the gauge field and the latter without. We summarize our results in Sec. HVl 



II. THE 6D GAUGE-HIGGS UNIFICATION MODEL CONSTRUCTION 
SCHEME WITH EXTRA-SPACE 57^2 

In this section, we recapitulate the scheme for constructing a 4D theory from a gauge 
theory on 6D spacetime which has extra-space as two-sphere orbifold S"^ /Z2- We consider 
two cases; one case uses the symmetry condition and the other case does not use symmetry 
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condtion. We apply non-trivial boundary condition for both cases. 



A. A Gauge theory on 6D spacetime with S2/Z2 extra-space 
1. The 6D spacetime with S2/Z2 extra-space 

We begin with properties of a 6D spacetime M^. The spacetime is assumed to be a 
direct product of the 4D Minkowski spacetime and two-sphere orbifold S"^ /Z2 such that 
= X S"^ /Z2- The two-sphere 5*^ is a unique two-dimensional coset space, and can 
be written as S"^ = SU(2)//U(1)/, where U(l)/ is the subgroup of SU(2)/. This coset space 
structure of S"^ requires that S'^ has the isometry group SU(2)/, and that the group U(l)/ 
is embedded into the group S0(2) which is a subgroup of the Lorentz group S0(l,5). We 
denote the coordinate of by X*^ = {x^^y^ = 9,y'^ = (p), where x'^ and {9,(f)} are M'^ 
coordinates and 5^ spherical coordinates, respectively. The spacetime index M runs over n 
G {0, 1, 2, 3} and a G {9, (j)}. The orbifold 5*^/^2 is defined by the identification of {9, (p) and 
(tt — 9^ —0) [39]. The two fixed points are (vr/2, 0) and (vr/2, vr). The metric of M^, denoted 
by Qmn, can be written as 



Qmn — 




where 77^1, = diag{l, —1, —1, —1) and ga/s = diag{l, sin~^ 9) are metric of and S"^ respec- 
tively. Notice that we omit the radius R of S'^ in this discussion. We define the vielbein 
that connects the metric of and that of the tangent space of M^, denoted by Hab, 
as gMN = ej^i^^hAB- Here A = {fi,a), where a G {4,5}, is the index for the coordinates of 
tangent space of M^. The explicit form of the vielbeins are summarized as 

el = l, el = sm9, ej, = = 0. (2) 

Also the non-zero components of spin connection are 

Rf = -Rf = -cos9. (3) 

2. A Lagrangian on 6D spacetime with S2/Z2 extra-space 

We then show the general structure of a gauge theory on M^. We introduce a gauge field 
AM{x,y) = {Afj_{x,y), Aa{x,y)), which belongs to the adjoint representation of the gauge 
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group G, and fermions ip{x,y), which hes in a representation F of G. The action of this 
theory is given by 

jdx^ sin eded(l>{mr^D^^If + ^zr^e^D,* - ^g^^g^^TrlFMKFNL]), (4) 

where Fmn = dM^N^X) — dN^MiX) — [Am{X), A^^X)] is the field strength, Dm is the 
covariant derivative including spin connection, and Fa represents the 6-dimensional Clifford 
algebra. Here Dm and Fa can be written explicitly as, 

S3 

D,j, = d^- Ai^, De = d0- Ag, D^ = d^- i— cos 9 - A^, (5) 

= 7m ® r4 = 75 (g) (7i, Ts = 75 (8) (72, (6) 

where {7^,75} are the 4-dimensional Dirac matrices, ai{i — 1,2,3) are Pauli matrices, I,^ 
is d X d identity, and E3 is defined as E3 = I4 (8) (73. The covariant derivative D^f, has the 
spin connection term i^cos^ which is needed for space with non-zero curvature like S'^ 
and applied for only fermions. In 6D spacetime, we can define chirality of fermions and the 

projection operators are defined as 

l±Fr 



± 



(7) 
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where Fy = 75 (73 is the chiral operator. We can write chiral fermion on 6D spacetime such 



as 



*± = r±*, Ty^i = ±*± (8) 

where ip is a Dirac fermion on 6D spacetime. The 6D chiral fermion can be also written in 
terms of 4D chiral fermions ipL(R) as 

- - (::) ' 

- - (:) ■ 

3. Non-trivial boundary conditions on the two-sphere orbifold 



On the two-sphere orbifold, one can consider parity operations P : {9, 0) — > (tt — 9, —0) 
and azimuthal translation : {9,4>) {9,4> + 27r). Here we note that the periodicity 

5 



— )■ + 27r is not associated with the orbifolding. We can impose the following two types 
of boundary conditions on both gauge and fermion fields under the two operations: 

A^{x, n-9, -0) = PiA^ix, 9, 4>)P, , A^{x, n - 9,27i - cf>) = P2A^(x, 9, 0)P2 , (11) 

A^{x,7r-9,-(P) = -PiAeAx,9,(l))P, , Ao,ix,7i - 9,2n - (P) = -P2Ao,{x,9,(P)P2 ,{12) 

■^{x, 7T-9, -0) = ±75Pi^(x, 9, 0) , ^(x, vr - 0, 27r - 0) = ±75^2^(0;, 9, 0) , (13) 

or 

A^{x, 71-9, -0) = PiA^ix, 9, 0)Pi , A^{x, 9,4> + 27r) = P2A^{x, 9, 0)P2 , (14) 

A^{x, 71-9, -0) = -PiAg^^x, 9, (fyPi , A^{x, 9,<j) + 27r) = P2A^{x, 9, 0)P2 , (15) 

^(x, 7T-9, -0) = ±75Pi^(x, 9, 0) , ^(x, 9,(t) + 27r) = ±P2^(x, 9, 0) , (16) 

where former conditions are associated with P operation and combination of P and 
operations, and latter conditions are associated with P and operation itself. These 
boundary conditions are determined by requiring the invariance of the six -dimensional 
action under the transformation {9, 0) — )■ (tt — 9, —cf)) and — )■ + 27r. 

The projection matrices Pi^2 act on the gauge group representation space and have eigen- 
values ±1. They assign different parities for different representation components. For 
fermion boundary conditions, the sign in front of 75 can be either + or — since the fermions 
always appear in bilinear forms in the action. The 4-dimensional action is then restricted 
by these parity assignments. 



B. The dimensional reduction scheme with symmetry condtion 



Here we review the dimensional reduction scheme which apply symmetry condition of 



gauge field 



221. 



1. The symmetry condition 

We impose on the gauge field Am{X) the symmetry which connects SU(2)/ isometry 
transformation on 5*^ and the gauge transformation on the fields in order to carry out di- 
mensional reduction, and the non-trivial boundary conditions of S"^ /Z2 to restrict 4D theory. 
The symmetry requires that the SU(2)/ coordinate transformation should be compensated 
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by a gauge transformation . The symmetry further leads to the following set of the 

symmetry condition on the fields: 

^^d[sA^ = daW^ + [W,,A^], (17) 
CfdpA^ + a„ef = daW, + [W„ Aa], (18) 

where is the Killing vectors generating SU(2)/ symmetry and Wi are some fields which 
generate an infitesimal gauge transformation of G. Here index i = 1,2,3 corresponds to 
that of SU(2) generators. The explicit forms of ^fs for S"^ are: 

= sin 0, = cot 9 cos 0, 

C,2 = — cos (p, ^2 = cot 6 sin 0, 

= 0, = -1- (19) 

The LHSs of Eq ( ITTllTSl) are infintesimal isometry SU(2)/ transformation and the RHSs of 
those are infintesimal gauge transformation. 

2. The dimensional reduction and a Lagrangian in 4D spacetime 

The dimensional reduction of gauge sector is exphcitly carried out by applying the so- 
lutions of the symmetry condition Eq ( ITTfTSi) . These solutions are given by Manton |l| 
as 

A^ = A^{x), Ag = -^i{x), A<^ = $2(x)sin^-<l>3cos0, (20) 

cosd) sind) 
Wi = -^s—^, = -$3— 4' Ws = 0, 21 

sm u sm 

and satisfy the following constraints: 

[<^3,A,]=0, (22) 
[-i$3, <l>i{x)] = ie3ij<^j{x), (23) 

where $i(x) and $2(2;) are scalar fields, and — ^$3 are chosen as generator of U(l)/. Note 
that the $3 term for A^ corresponds to the background gauge field |36|. Substituting the 
solutions Eq (!20!) into Am{X) in action Eq (jlj), we can easily integrate coordinates 9 and 
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in the gauge sector. We then obtain a four dimensional action as 



- ^rr[D;<l>i(x)D''^$i(a;) +D;<I>2(x)D'^<I>2(x)] 



- ^Tr[(<l>3 + [$1(0;), $2(x)])(<l>3 + $2(0;)])]^ , (24) 

where D'^^ = d^j. — [^^tj"^]- The fermion sector of 4D action is obtained by expanding 
fermions in normal modes of S'^ IZ2 and then integrating 5*^/^2 coordinate in 6D action. 
Thus, the fermions have massive KK modes which would be a candidate of dark matter. 
Generally, the KK modes do not have massless mode because of the positive curvature 



of S'^ 



We, however, can show that the fermion components satisfying the following 



condition have massless mode: 



z$3^ = ^V- (25) 



Square mass of the KK modes are eigenvalues of square of extra-dimensional Dirac-operator 
—it). In the S*^ case, —it) is written as 



-iD = -ie'^'^TaD^ 

= -I [Si(9e + ^) + S2(-^9<^ + $3 cot e)\ , (26) 

where Ej = I4 x cij. Square of —it) can be explicitly calculated: 

1 1 ros^ 

smc^ sm ^ sm 

-\ - + S3(-z$3)-^ - {-i^.f cot' e] . (27) 

4 4 sm 6 sm 6 

We then act this operator on a fermion ipiX) which satisfy Eq. ( p5|) . and obtain the reration 

= _ [ J_a,(sin 9de) + -^dl] i:. (28) 
smt7 sm (J 

The eigenvalues of the RHS operator are less than or equal to zero. Thus the fermion 
components satisfying Eq. fl25|) have massless mode, while other components only have 
massive KK mode. Note that the massless mode ipo should be independent of S' coordinates 
9 and (p: 

i^o = Hx)- (29) 
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The existence of massless fermion may indicate the meaning of the symmetry condition; 
though the energy density of the gauge sector in the appearance of the background fields is 
higher than that of no background fields, since we have massless fermions, it may consist 
a ground state as a total in the presence of fermions. We also note that we could impose 



symmetry condition on fermions 25|, |37|]. In that case, we obtain the massless condition 



Eq. ( 125|) from symmetry condition of fermion, and the solution of symmetry condition is 
independent from S*^ coordinate: ip = iIj{x) with no massive KK mode. Therefore, we can 
apply the same discussion for this case as our case if we only focus on the massless mode in 
our scheme. 



3. A gauge symmetry and particle contents in 4D spacetime 

The symmetry conditions and the non-trivial boundary conditions substantially con- 
strain the four dimensional gauge group and its representations for the particle contents. 
The gauge symmetry and particle contents in 4D spacetime must satisfy the constraints 
Eq ( 122|) .(1231) .(1251) and be consistent with the boundary conditions Eq (|T4l)-(|T6l). We show 
the prescriptions to identify 4D gauge symmetry and particle contents below. 

First, we show the prescriptions to identify gauge symmetry and field components which 
satisfy the constrants Eq fl22|) . fl23l) . fl25l) . The gauge group H that satisfy the constraint 
Eq (1221) is identified as 

H = Cg{U{1)i) (30) 



where Cg{U{1)j) denotes the centralizer of U(l)/ in G [2J]. Note that this implies G D H 
= H' X U(l)/, where H' is some subgroup of G. 

Second, the scalar field components which satisfy the constraints Eq. ( 123|) are specified 
by the following prescription. Suppose that the adjoint representations of SU(2)/ and G are 
decomposed according to the embeddings SU(2)/ D U(l)/ and G D H' x U(l)/ as 

3(adj SU(2)) = (0(adj U{1)r)) + (2) + (-2), (31) 
adj G = (adj Hm + l(0(adj U(l))^) + Ki^g), (32) 

9 

where hgS denote representation of H', and r^s denote U(l)/ charges. The scalar compo- 
nents satisfying the constraints belong to hgS whose corresponding r^s in the decomposition 
Eq. §^ are ±2. 



Third, the fermion components which satisfy the constraints Eq. (l25i) are determined as 



follows 



37|. Let the group U(l)/ be embedded into the Lorentz group S0(2) in such a way 



that the vector representation 2 of S0(2) is decomposed according to S0(2) D U(l)/ as 

2 = (2) + (-2). (33) 

This embedding specifies a decomposition of the weyl spinor representation (76=4 of S0(l,5) 
according to S0(l,5) D SU(2) x SU(2) x U(l)/ as 

a6 = (2,l)(l) + (l,2)(-l), (34) 

where SU(2) x SU(2) representations (2,1) and (1,2) correspond to left-handed and right- 
handed spinors, respectively. We note that this decomposition corresponds to Eq. OH]) (or 
Eq. (ITOl)). We then decompose F according to G D H' x U(l)7- as 

/ 

Now the fermion components satisfying the constraints are identified as hfS whose corre- 
sponding TfS in the decomposition Eq. fl35p are (1) for left-handed fermions and (-1) for 
right-handed fermions. 

Finally, we show which gauge symmetry and field components remain in 4D spacetime 
by surveying the consistency between the boundary conditions Eq. (fT4l) - (fT6l) . the solutions 
Eq. fl20|) . and fermion massless mode Eq. fl29|) . We then apply Eq fl20|) and Eq. fl29l) to 
Eq. (fT4|) - (fT6|) . and obtain the parity conditions 

A^{x) = P^2)A^{x)Pi^2), (36) 
-<l>i(x) = -Pi(-<l>i(x))Pi, (37) 
-<l>i(x) = P2(-$i(x))P2, (38) 

$2(0;) + $3 cos e = -Pi$2(2;)Pi +Pi<l>3PiCOS^, (39) 
$2(X) - <I>3COS0 = P2$2(X)P2 " P2$3P2COS^, (40) 

^(x) = 75Pi^(x), (41) 
$(x) = P2^(x). (42) 

We find that gauge fields, scalar fields and massless fermions in 4D spacetime should be even 
for PiAfj^Pi and P2v4^P2; — Pi$i_2-Pi and P2$i,2-P2; and P2'4', respectively. $3 always 
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remains since it is proportional to an U(l)7- generator and commutes with P{P'). Therefore 
the particle contents are identified as the components which satisfy both the constraints 
Eq (12^ ■ (125]) ■ (1231) and the parity conditions Eq Eq (15B]) - (H2]) . The gauge symmetry remained 
in 4D spacetime can also be identified by observing which components of the gauge fields 
remain. 



C. The dimensional reduction scheme without symmetry condition 



Here we review the dimensional reduction scheme which does not apply symmetry con- 
dition of gauge field [23 1. 



1. Background gauge field and gauge group reduction 



For the case without symmetry condition, we consider the background gauge field A 



B 



sin 9 that corresponds to a Dirac monopole 



36| 



At 



-Q 



cos 6^ =F 1 
sin^ 



TT 



:O<0<- 



TT 



■.-<e<TT) 

2 - - ' 



(43) 



where Q is proportional to the generator of a U(l) subgroup of the original gauge group. 
This background gauge field A^ is corresponding to $3 cos^^ C in Eq. ( 120|) . 

The background gauge field is chosen to belong to U(l)/ group which is a subgroup of 
original gauge group G such as 

GDG'sub®U(l)„ (44) 

where Gsub is subgroup of G. We then find that there is no massless mode for gauge field 
components which have non-zero U(l)/ charge. In fact, these components acquire masses 



due to the background field from the term proportional to Fn,f,F^ 



Tr 



_ 1 F -i_ 



Tr 



1 



-id^A,-d,A^){d^'A'' -d^A^) 



1 



2i?2 sin^ 6 



[A^, A^][A^ , A 



(45) 



For the components of with nonzero U(l)/ charge, we have 



(46) 
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where Qi (Q* = Q\) are generators corresponding to distinct components in Eq. fl97|) that 
have nonzero U(l)/ charges, and Ai^ (A^ = aJ^) are the corresponding components of A^. 
We then find the term 

^ ;Tr[[A^,Af][A^Aj]] = ^^^^I^Tt[[AIQ, + A,Q\Q][A^^Q, + A>:Q\Q]] 



= -2|g|2irrr;i^— ^A^a^Am , (47) 



(cos 1)2 

sin^^ 



where q is the Q charge of the relevant component. Use of the facts that A^ belongs to U(l)/ 
and that Tr[QiQ'^] = 2 has been made in the above equation. A mass is thus associated 
with the lowest modes of those components of A^ with nonzero 11(1)/ charges: 



dflTr 



lowest 



^ [d^AUx) - d,A^{x)] [d^A^^ix) - d-A^^ix)] + mlA^^{x)A'^^{x) , (48) 

where the subscript 'lowest' means that only the lowest KK modes are kept. Here the lowest 
KK modes of A^ correspond to the term A^{x)/\/Att in the KK expansion. In summary, 
any representation of carrying a nonzero U(l)/ charge acquires a mass from the 
background field contribution after one integrates over the extra spatial coordinates. More 
explicitly, 

-JSL f in (cQsgTl)^ ^ \ql . . 

'"^"47ri?2y sin^^ -^■'^■^R^ ^^^^ 

for the zero mode. Therefore the gauge group G is reduced to G'sub®U(l)/ by the existence 

of the background gauge field. We note that this condition is same as the case with the 

symmetry condition. 



2. Scalar field contents in 4D spacetime 

The scalar contents in 4D spacetime are obtained from the extra-dimensional components 
of the gauge field {Ag, A,^} after integrating out the extra spatial coordinates. The kinetic 
term and potential term of {Ae,^^} are obtained from the gauge sector containing these 
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components 



'scalar 



-Tr 



dx dfl 



-^,Tr[{^,Ae-^[A„A^]f] 



1 



1 



Tr 



1 



:de{sm 9A^ 



sin 9 



sin 



sinMf) 
2n 



(50) 



where we have taken A^ = A^ sin 6 + sin 6. In the second step indicated by the arrow 
in Eq. (150|) . we have omitted terms which do not involve Ag and from the right-hand 
side of the first equahty. It is known that one generally cannot obtain massless modes for 



physical scalar components in 4D spacetime 15|, |40|]. One can see this by noting that the 



eigenfunction of the operator ^^dgsinO with zero eigenvalue is not normalizable [15|. In 
other words, these fields have only KK modes. However, an interesting feature is that it is 
possible to obtain a negative squared mass when taking into account the interactions between 
the background gauge field A^ and {Ae,^!^}. This happens when the component carries 
a nonzero 11(1)/ charge, as the background gauge field belongs to U(l)/. In this case, the 
{i = 1, m = 1) modes of these real scalar components are found to have a negative squared 
mass in 4D spacetime. They can be identified as the Higgs fields once they are shown to 
belong to the correct representation under the SM gauge group. Here the numbers {i, m) 
are the angular momentum quantum number on 5*^/^2, and each KK mode is characterized 
by these numbers. One can show that the (£ = 1, m = 0) mode has a positive squared mass 
and is not considered as the Higgs field. A discussion of the KK masses with general (£, m) 
will be given in Section IIIIB 51 . 



3. Chiral fermions in 4D spacetime 

We introduce fermions as the Weyl spinor fields of the 6D Lorentz group S0(l,5). They 
can be written in terms of the S0(l,3) Weyl spinors as Eq. ([9]) and Eq. (ITOl) . In general, 
fermions on the two-sphere do not have massless KK modes because of the positive curvature 
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of the two-sphere. The massless modes can be obtained by incorporating the background 
gauge field f l43|) though, for it can cancel the contribution from the positive curvature. In 
this case, the condition for obtaining a massless fermion mode is 

= ±lv^ , (51) 

where Q comes from the background gauge field and is proportional to the U(l)/ genera- 



tor 



36 



We observe that the upper [lower] component on the RHS of Eq. ([9]) [( ITOl) 



has a massless mode for the + (— ) sign on the RHS of Eq. S5T\i . 



4- The Higgs potential 



The Lagrangian for the Higgs sector is derived from the gauge sector that contains extra- 
dimensional components of the gauge field {Ae,^^}, as given in Eq. fl50|) . by considering 
the lowest KK modes of them. The kinetic term and potential term are, respectively, 

\ [ dn (Trlid^Ae - t[A^, Ae]f] + Tr[id^Ag - i[A^, A^]f] 



-IK 



V 



2^^ 



lowest 



dVLTr 



sin 6* 



^^(sin OAs + sinM 



sin 6 



dsAe 



-i[Ag,A^ + A, 



2n 



(52) 



(53) 



lowest 



In our model, scalar components other than the Higgs field have vanishing VEV because 
only the Higgs field has a negative mass-squared term, coming from the interaction with 
the background gauge field at tree level. Therefore, only the Higgs field contributes to the 
spontaneous symmetry breaking. Consider the (1,1) mode of the {(1, 2)(3, — 3, 3) + h.c.} 
representation in Eq. f l98|) as argued in the previous section. The gauge fields are given by 
the following KK expansions 



As 
A, 



V2 



+ ^2{X 

$i(x 



1 



sin 9 
1 



sin 9 

. The function Yn 



)] + ■■■, (54) 
+ ■■■, (55) 

= -l/v^[Fn+ri_i] is 



where • • • represents higher KK mode terms [2 
odd under {9,(f)) — t- {tt /2 — 9, —(f)) . We will discuss their higher KK modes and masses in 
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the existence of the background gauge field in Section UlI B 5[ With Eqs. (IMj) and (155|) . the 
kinetic term becomes 

Lk{x) = ^{Tr[D,,^i{x)D''^i{x)]+Tr[D,,^2{x)D^^2{x)]), (56) 

where Z}^$i^2 = c^^*&i,2 — "^[^/i, '^'1,2] is the covariant derivative acting on $1^2- The potential 
term, on the other hand, is 



V 



1 



dVLTr 



z sm 



smfc* 



(57) 



where ^^(sin^A^) = QcosO from Eq. ( H3l) is used. Expanding the square in the trace, we 
get 



V 



2gm^ 



dQTr 



2{Y+r^lix) + Q' 

-i[$i(x),$2(x)]2 (deYUdgYil + -±^d^Y{ld^Y,{) 
4 \ sm 6 J 

-l[^iix),A^ndeY,-,r -\[<!>,{x),Af] 
-2z$2(x)[$i(x),iJ]Fn^eni 



sin 6* 



[$ 1 (x) , A^] [$2 (x) , A^] doY,-, —^d^Y{l 



+iQ[<!>^ix),^2ix)]{deY,-,deY, 
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sin^e 



(58) 



where terms that vanish after the dQ integration are directly omitted. In the end, the 
potential is simplified to 



V 



Tr 



2<|.2(x) + AnQ' - Y^[$i(x), $2(x)]2 + -g[$i(x), <l>2(x)] 



+/ii[g,$i(x)]' + /x2[g,$2(x)]' 



(59) 



where use of = —Q{cos9 =F 1)/ sin 6* has been made and /ii = 1 — |ln2 and /i2 
!(l-21n2). 



15 



We now take the following linear combination of $i and $2 to form a complex Higgs 
doublet, 



= ^($i(a;) +i$2(a;)) 
v2 

^{xY = - z$2(x)) 

v2 



It is straightforward to see that 



[$i(x),<l>2(a;)] = ii[<l>(a;),<l>"^(x)] 



The kinetic term and the Higgs potential now become 



1 



V 



Tr 



(60) 
(61) 



(62) 



(63) 



2$2(x) + AttQ' + -l-mx),<^\x)]' - ^g[$(x), <l>t(x)] 



-^l[g,$l(x)]2+Ai2[Q,$2(x)]' 



(64) 



III. THE MODELS BASED ON OUR SCHEMES 



In this section, we show concrete models based on the scheme introduced previous section. 
We introduce the model based on S0(12) gauge symmetry for the scheme with symmetry 
condition and introduce the model based on Eg gauge symmetry for the scheme without 
symmetry condition 22|, |23| . 



A. The SO(12) model with symmetry condtion 



Here we show a model based on a gauge group G=S0(12) and a representation F=32 
of S0(12) for fermions, under the scheme with symmetry condition 22|. The choice of 
^=80(12) and F=32 is motivated by the study based on CSDR which leads to an SO(IO) 
X U(l) gau ge theory with one generation of fermion in 4D spacetime {29! (for S0(12) GUT 
see also jSSj). 
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1. A gauge symmetry and particle contents 

First, we show the particle contents in 4D spacetime without parities Eq. flT^ -( !T6|) . We 
assume that U(l)/ is embedded into S0(12) such as 

50(12) D 50(10) X U{l)i. (65) 

Thus we identify SO(IO) x U(l)/ as the gauge group which satisfy the constraints Eq (l22l) . 
using Eq. fl30l) . We identify the scalar components which satisfy Eq. fl23|) by decomposing 
adjoint representation of SO (12): 

50(12) D 50(10) X U{l)i : 66 = 45(0) + 1(0) + 10(2) + 10(-2). (66) 

According to the prescription below Eq. fl30l) in sec. [Tll the scalar components 10(2) + 10(-2) 
remains in 4D spacetime. We also identify the fermion components which satisfy Eq. (!25|) 
by decomposing 32 representations of S0(12) as 

50(12) D 50(10) X U{l)i ■ 32 = 16(1) + l6(-l). (67) 

According to the prescription below Eq. ( I32l) in sec. HIl we have the fermion components as 
16(1) for a left-handed fermion and 16(-1) for a right-handed fermion, respectively, in 4D 
spacetime. 

Next, we specify the parity assignment of -P(-P') in order to identify the gauge symmetry 
and particle contents that actually remain in 4D spacetime. We choose a parity assignment 
so as to break gauge symmetry as S0(12) D SO(IO) x U(l)/ D SU(5)x U(l)x x U(l)/ D 
SU(3) X SU(2)l X U(l)y X U(l)x x U(l)/, and to maintain Higgs-doublet in 4D spacetime. 
The parity assignment is written in 32 dimensional spinor basis of S0(12) such as 

50(12) D 5f/(3) X SU(2)l x U(1)y x U{l)x x U{l)i 
32 =(3, 2)(+-)(l, -1, 1) + (3, 2)(+-)(-l, 1, -1) 



+ (3,1)(" 


")(4,1 


-1) + (3,1)(- 


H-4,-1,1) 


+ (3,1)(-^ 




-3,-1) + (3,1 


)(-+)(2,3,l) 


+ (1,2)(+^ 




-3,-l) + (l,2)(- 


"+H-3,3,1) 


+ (1,1)^"" 




-1,1) + (1,1)^"" 


H-6,1,-1) 


+ (1,1)^-^ 




■5,1) + (1,1)(-^ 


Ho, 5,-1), 
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where e.g. (+, — ) means that the parities {P,P') of the associated components are (even, 
odd). We find the gauge symmetry in 4D spacetime by surveying parity assignment for the 
gauge field. The parity assignments of the gauge field under — )• PA^P{P' A^P') are: 

66 =(8, 1)(++H0, 0, 0) + (1, 3)(++)(0, 0, 0) + (1, l)(++)(0, 0, 0) 
+ (l,l)(++)(0,0,0) + (l,l)(++)(0,0,0) 
+ [(3,2)(-+)(-5,0,0) + (3,2)(-+)(5,0,0) 



+ (3,2)(-) 


(1,4, 0) + (3,2)(-)(-l,-4, 0) 


+ (3,1)(+-^ 


(4, -4,0) + (3,l)(+-)(-4,4,0) 


+ (3, !)(+-) 


(-2,2,2) + (3,l)(+-)(2,-2,-2) 


+ (3, 


(-2,2,-2) + (3,l)(++)(2,-2,2) 


+ (1,2)(-) 


(3,2,2) + (l,2)(-)(-3,-2,-2) 


+ (1,2)(-+) 


(3,2,-2) + (l,2)(-+)(-3,-2,2) 


+ (1,1)^+-^ 


(6,4,0) + (l,l)(+-)(-6,-4,0)]. 



The components with an underline are originated from 10(2) and 10(-2) of SO(IO) x U(l)/, 
which do not satisfy constraints Eq. (1221) . and hence these components do not remain in 
4D spacetime. Thus we have the gauge field with (+, +) parity components without an 
underline in 4D spacetime, and the gauge symmetry is SU(3) x 811(2)^ x U(l)y x U(l)x 
X U(l),. 

The scalar particle contents in 4D spacetime are determined by the parity assignment. 
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under $1,2 --P$i,2-P and P'$i,2-P': 

66 =(8, 1)(-+H0, 0, 0) + (1, 3)(-+)(0, 0, 0) + (1, l)(-+)(0, 0, 0) 

+ (i,i)(-+)(o,o,o) + (i,i)(-+)(o,o,o) 

+ [(3,2)(++)(-5,0,0) + (3,2)(++)(5,0,0) 



+ (3,2)(+-) 


(l,4,0) + (3,2)(+-)( 


-1,-4,0) 


+ (3,1)(-) 


(4,-4,0) + (3,l)(- 


-)(-4,4,0) 


+ (3,1)(-) 


(-2,2,2) + (3,l)(- 


-)(2,-2,-2) 


+ (3, !)(-+) 


(-2,2,-2) + (3,l)( 


-+)(2,-2,2) 


+ (1,2)(+-) 


(3,2,2) + (l,2)(+-)( 


-3,-2,-2) 


+ (1,2)(++) 


(3,2,-2) + (l,2)(+^ 


-)(-3,-2,2) 


+ (1,1)^--^ 


(6,4,0) + (l,l)(--)( 


-6,-4,0)]. 



Note that the relative sign for the parity assignment of P is different from Eq. ( l69l) . and 
that the only underlined parts satisfy the constraints Eq. ( 123|) . Thus the scalar components 
in 4D spacetime are (l,2)(3,2,-2) and (l,2)(-3,-2,2). 

We find massless fermion contents in 4D spacetime, by surveying the parity assign- 
ment for each components of fermion fields. We introduce two types of left-handed Weyl 
fermions that belong to 32 representation of S0(12), which have parity assignment ip'^^'^ — )■ 
'y^P'ip^^'\P'ip^^'^) and ip^'^''^ — )■ 'y^Pip^~^'\—P''ip^~^'^) respectively. They have the parity 
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assignment as 



and 



32 



(p') 



32 



in 

R 



(3,2)(-- 


Hi 


-l,l)i + (3,2)(-)(-l,l,-l)L 


+ (3,1)^ 


+- 


(-4,-l,l)z. + (3,l)(+-)(4,l,-l)i 


+ (3,1)^ 


++ 


(2,3,l)i + (3,l)(++)(-2,-3,-l)L 


+ (1,2)( 


-+ 


(-3,3,l)i + (l,2)(-+)(3,-3,-l)i 


+ (1,1)^ 


+- 


(6,-1,1)z. + (1,1)(+-)(-6,1,-1)l 


+ (1,1)^ 


++ 


(0, -5,l)i + (l,l)(++)(0,5,-l)L, 


(3,2)(+- 


'(1 


-l,l)«+(3,2)(+-H-l,l,-l)fi 


+ (3,1)^ 


— 


(-4,-l,l)^+(3,l)(-)(4,l,-l),j 


+ (3,1)^ 




(2,3,l)fl+(3,l)(-+)(-2,-3,-l)fl 


+ (1,2)( 


++ 


(-3,3,l)« + (l,2)(++)(3,-3,-l)^ 


+ (1,1)^ 




(6,-l,l)R + (l,l)(-)(-6,l,-l)fi 


+ (1,1)^ 


-+ 


(0,-5,l)« + (l,l)(-+)(0,5,-l)fi, 
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i-P') 



<3, 2)(-+)(l, -1, lU + (3, 2)(-+)(-l, 1, -l)i 



+ (3,1)(- 



+ (3,1) 



(+- 



+ (1,2) 



(— 



+ (1,1)(- 



+ (1,1) 



(+- 
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i-p') 

R 



<3,2)(++)(l 
+ (3,1)(-+ 
+ (3,1)(-+ 
+ (1,2)(+- 

+ (1,1)^-^ 
+ (1,1)^-- 



-4,-l,l)z. + (3,l)(++)(4,l,-l)^ 
2,3,l)i + (3,l)(+-)(-2,-3,-l)i 



-3,3,l)L + (l,2)(--)(3,-3,-l)i 



6^-M)l + (1,1)(++)(-6,1,-1)l 
0,-5,1)^ + (1,1)(+-)(0,5,-1)l, 
-l,l)^+(3,2)(++)( 



-1,1, 



-1) 



R 



-4,-l,l)^+(3,l)(-+)(4,l,-l)j 



2,3,1)k + (3,1)(-+)(-2,-3,-1) 



R 



-3,3,l)^+(l,2)(+-)(3,-3,-l)« 
6,-l,l)ij 



(1,1) 



(-+)/ 



-6,1, 



-1) 



R 



0,-5,1)^+(1,1)(--)(0,5,-1)k 



(71) 



(72) 



(73) 



(74) 



where L(R) means left-handedness(right-handedness) of fermions in 4D spacetime, and 
the underhned parts correspond to the components which satisfy constraints Eq. (!25l) . 
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Note the relative sign for parity assignment of P between left-handed fermion and right- 
handed fermion, and that of P' between 32*^^'^ and 32^"'^'^ The difference between 
32(^') and 32(-^') is allowed because of the bilinear form of the fermion sector. We thus 
find that the massless fermion components in 4D spacetime are one generation of SM- 
fermions with right-handed neutrino: {(3,2)(l,-l,l)i,(3,l)(4,l,-l)R,(3,l)(-2,-3,-l)i?,(l,2)(- 
3,3,l)L,(l,l)(-6,lrl)R,(l,l)(0,5,-l)ii}- 

2. The Higgs sector of the model 

We analyze the Higgs-sector of our model. The Higgs-sector i^uiggs is the last two terms 
of Eq. dMD: 

- -^Tr[($3 + I'^iix), $2(a;)])($3 + $2(2:)])], (75) 

where the first term of LHS is the kinetic term of Higgs and the second term gives the 
Higgs potential. We then rewrite the Higgs-sector in terms of genuine Higgs field in order 
to analyze it. 

We first note that the $jS are written as 

= = i(P^Qa, (76) 

where QaS are generators of gauge group S0(12), since $iS are originated from gauge fields 
Aa = iA'^Qa, for the gauge group generator we assume the normalization Tr(Qa(5fe)=-25afe. 
Note that we assumed the — i$3 as the generator of U(l)/ embedded in S0(12), 

-i^3 = Qi. (77) 

We change the notation of the scalar fields according to Eq. (I3T1) such that, 

0+ = ^(01 + ^02), <p- = ^{<pi-i(p2), (78) 

in order to express solutions of the constraints Eq. (123!) clearly. The constraints Eq. (123|) is 
then rewritten as 

[Q,, = [Q,,0_] = -</._. (79) 
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The kinetic term Lke and potential V{(j)) term are rewritten in terms of 0+ and 0_: 

Lke = -^Tr[D'^M^)D''^<P4x)], (80) 

V = -^Tr[Qj - 4Q,[0+, 0_] + 4[0+, 0_] [</>+, (81) 

where covariant derivative D'^ is D'^(f)± = d^(f)± — [A^, 

Next, we change the notation of S0(12) generators Qa according to decomposition Eq fl69|) 
such that 

Qg = {Qi, Qa, Qy, Q, Qi, Qax{-500), Q"'^*-^^^' 

/O /Oaa;(-1-40) /O /Oa{-440) 

Vax(140) ) V 5 Va(4-40) 5 V 

^ ^a(2-22) ^ ^a(2-2-2) 

Va(-22-2)7V >Va(-222),V 

<5x{322), Q''^^^"^"^^ <5a'(32-2), Q"^^"^"^^^ 

Q(640),Q(-6-40)}, (82) 

where the order of generators corresponds to Eq ( 169|) . index i = 1 — 8 corresponds to SU(3) 
adjoint rep, index a = 1 — 3 corresponds to SU(2) adjoint rep, index a = 1 — 3 corresponds 
to SU(3)-triplet, and index x = 1,2 corresponds to SU(2)-doublet. We write (j)± in terms of 
the genuine Higgs field 0^. which belongs to (l,2)(3,2,-2), such that 

0+ = 0.g^(-'-'') (83) 

0_ = 0"'Q.(32-2), (84) 

where 0^ = (0x)^- We also write gauge field A^{x) in terms of Qs in Eq. f llOSp as 

A,{x) = i{AlQ, + AIQ^ + B^Qy + C^Q + E^Qi). (85) 

We then need commutation relations of Q"^*-"^"^^-*, Qx(32-2), Qa, Qy, Q and Qi in order to 
analyze the Higgs sector; we summarized them in Table HIl 



Finally, we obtain the Higgs sector with genuine Higgs field by substituting Eq. fll39p - 
f lll4p into Eq. ( ISUj I5T]) and rescaling the fields (j) g/ -\/20 and A^ — )• gA^, and the couplings 
\/2g = g2 and ^/6/5g = gy, 

Lmggs = \D^(j),\^ -V{(j)), (86) 
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[Q-(-3-22),Q^(32-2)] = - W Qy + '^l Q +Sy Ql +^ iOy Qa 
[Qa,Q.] = K)l Qy [Qam = ^ 

[Qx,Qy]=o [QYm= -\fi 



TABLE I: commutation relations of Q^*- ^ ^^■'j <3a;(32-2)) Qa; Qy, Q and Q/ 
where the covariant derivative Dfj^(f)x and potential are 

1 1 /r 

^ = -;^r0. + ^(W, (88) 

respectively. Notice that we explicitly write radius R of -S"^ in the Higgs potential, and that 
we omitted the constant term in the Higgs potential. We note that the S\J{2)l x U(l)y 
parts of the Higgs sector has the same form as the SM Higgs sector. Therefore we obtain the 
electroweak symmetry breaking SU(2)l x U(l)y V{1)em- The Higgs field cf)^ acquires 
vaccume expectation value(VEV) as 

(89) 

and W boson mass mw and Higgs mass ttih are given in terms of radius R 

V [2 1 

^^ = ^^2 = V3^' ^^'^ 

thh = VSgv = Va^. (92) 
R 




The ratio between mw and ttih is predicted 



rriH 



= VG. (93) 



mw 

We thus find mn ~ 196GeV in this model. We also find the Weinberg angle is given by 

o^T,2fl _ 9y 

Sm Uw — ~n o" 

9i + 9Y 

6/5 



2 + 6/5 

I (94) 
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which is same as SU(5) GUT case. 



B. The Eg model without symmetry condition 



Here we show a model based on a gauge group G=Eq and a representation 27 of Eg for 
fermions, under the scheme without symmetry condition 23 1. 



1. Gauge group reduction 

We consider the following gauge group reduction 

Eg D 50(10) X U{l)i 

D SU{5) X U{l)x X U{l)i 

D SU{3) X SU{2) X U{1)y X U{l)x x U{l)i . (95) 

The background gauge field in Eq. is chosen to belong to the U(l)/ group. This choice 
is needed in order to obtain chiral SM fermions in 4D spacetime to be discussed later. There 
are two other symmetry reduction schemes. One can prove that the results in those two 
schemes are effectively the same as the one considered here once we require the correct U(l) 
combinations for the hypercharge and the background field. 

We then impose the parity assignments with respect to the fixed points, Eqs. (fTT]) - (fT6|) . 
The parity assignments for the fundamental representation of Eg is chosen to be 

27 = (l,2)(-3,-2,-2)(+'+) + (l,2)(3,2,-2)(-'-) + (l,2)(-3,3,l)(+'-) 
+ (1, 1)(6, -1, !)(+'+) + (1, 1)(0, -5, !)(-'-) + (1, 1)(0, 0, 4)(-'+) 
+ (3, 2)(1, -1, !)(-'+) + (3, l)(-2, 2, -2)(+'-) + (3, l)(-4, -1, !)(+'+) 
+ (3, 1)(2, 3, !)(+'+) + (3, 1)(2, -2, 2)(-+), (96) 

where, for example, (+, — ) means that the parities under Pi and P2 are (even, odd). By the 
requirement of consistency, we find that the components of in the adjoint representation 
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have the parities under — > PiA^Pi (P2^;i-P2) as follows: 

= (8, l)(0,0,0)(+'+) + (l,3)(0,0,0)(+'+) 

+ (1, 1)(0, 0, 0)(+'+) + (1, 1)(0, 0, 0)(+'+) + (1, 1)(0, 0, o)(+-+) 

+ (3,2)(-5,0,0)(-'+) + (3,2)(5,0,0)(-'+) 

+ + (3, 2)(1, 4, 0)(+'-) + (3, 2)(-l, -4, 0)(+'-) 

+(3, 1)(4, -4, 0)(-'-) + (3, l)(-4, 4, 0)(-'-) 

+ + (1, l)(-6, -4, 0)(-'-) + (1, 1)(6, 4, 0)(-'-) 

+(3, 2)(1, -1, -3)(+'+) + (3, 2)(-l, 1, 3)(+'+) 

+(3, 1)(4, 1, 3)M + (3, l)(-4, -1, -3)M 

+ (3, l)(-2, -3, 3)(+'-) + (3, 1)(2, 3, -3)(+'-) 

+ (1, 2)(-3, 3, -3)(-'-) + (1, 2)(3, -3, 3)(-'-) 

+(1, l)(-6, 1, 3)(-'+) + (1, 1)(6, -1, -3)M 

+ (1, 1)(0, -5, -3)(+'-) + (1, 1)(0, 5, 3)(+'-), (97) 

where the underlined components correspond to the adjoint representations of SU(3) x 
SU(2) X U(l)y X U(l)x X U(l)/, respectively. We note that the components with parity 
(+, +) can have massless zero modes in 4D spacetime. Such components include the adjoint 
representations of SU(3) x SU(2) x U(l)3, (3, 2)(1, -1, -3) and its conjugate. The latter 
components seem problematic since they do not appear in the low-energy spectrum due to 
non-zero 11(1)/ charge. 
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2. Scalar field contents in 4D spacetime 



With the parity assignments with respect to the fixed points, Eqs. (fT2!) and (fT5|) . we have 
for the Aq and fields 

78U,^ = (8,l)(0,0,0)(-'-) + (l,3)(0,0,0)(-'-) 

+(1, i)(o, 0, o)(-'-) + (1, i)(o, 0, o)(--) + (1, i)(o, 0, o)(-'-) 

+ (3, 2)(-5, 0, 0)(+'-) + (3, 2)(5, 0, 0)(+'-) 
+ (3, 2)(1, 4, 0)(-'+) + (3, 2)(-l, -4, 0)(-'+) 
+ (3, 1)(4, -4, 0)(+'+) + (3, l)(-4, 4, 0)(+'+) 
+ (1, l)(-6, -4, 0)(+'+) + (1, 1)(6, 4, 0)(+'+) 
+ (3, 2)(1, -1, -3)(-'-) + (3, 2)(-l, 1, 3)(-'-) 
+ (3, 1)(4, 1, 3)(+'-) + (3, l)(-4, -1, -3)(+'-) 
+ (3, l)(-2, -3, 3)(~'+) + (3, 1)(2, 3, -3)(-'+) 
+ + (1, 2)(-3, 3, -3)(+'+) + (1, 2)(3, -3, 3)(+'+) 
+ (1, l)(-6, 1, 3)(+-) + (1, 1)(6, -1, -3)(+'-) 

+ (1, 1)(0, -5, -3)(-'+) + (1, 1)(0, 5, 3)(-'+) . (98) 

Components with (+, — ) or (— , +) parity do not have KK modes since they are odd under 
— )■ + 27r and the KK modes of gauge field are specified by integer angular momentum 
quantum numbers I and m on the two-sphere. We then concentrate on the components which 
have either (+, +) or (— , — ) parity and nonzero 11(1)/ charges as the candidate for the Higgs 
field. These include {(1, 2)(3, -3, 3) + h.c.} and {(3, 2)(1, -1, -3) +h.c.} with parities (+, +) 
and (—,—), respectively. The representations (1, 2)(— 3, 3, — 3) and (1, 2)(3, — 3, 3) have the 
correct quantum numbers for the SM Higgs doublet. Therefore, we identify the (1, 1) mode 
of these components as the SM Higgs fields in 4D spacetime. 

3. Chiral fermion contents in 4D spacetime 

In our model, we choose the fermions as the Weyl fermions belonging to the 27 
representation of Eg. The 27 representation is decomposed as in Eq. f pB]) under the group 
reduction, Eq. ( 195|) . In this decomposition, we find that our choice of the background gauge 
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field of U(l)/ is suitable for obtaining massless fermions since all such components have 
U(l)/ charge 1. In the fundemantal representation, the U(l)7- generator is 

Qi = Jdiag(-2, -2, -2, -2, 1, 1, 1, 1, 4, 1, 1, 1, 1, 1, 1, -2, -2, -2, 1, 1, 1, 1, 1, 1, -2, -2, -2) , 

according to the decomposition Eq. f l96|) . By identifying Q = 3Qj, we readily obtain the 
condition 

Q^- = l^-. (99) 

Therefore, the chiral fermions ipi in 4D spacetime have zero modes. 

Next, we consider the parity assignments for the fermions with respect to the fixed points 
of S"^ /Z2- The boundary conditions are given by Eqs. (fT3|) and (fT6l) . It turns out that four 
27 fermion copies with different boundary conditions are needed in order to obtain an entire 
generation of massless SM fermions. They are denoted by with the following parity 

assignments 

^«(x,7r-0,-0) = e75PiVl/«(a;,^,0) , (100) 
^«(x,7r-^,27r-0) = r/75P2^^Hx,^,0) , (101) 

where 75 is the chirality operator, and {i.rj) = (+,+), (—,—), (+, — ) and (— , +) for i = 
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1, 2, 3, 4, respectively. Prom these fermions we find that '01,2,3,4 have the parity assignments 



27,(1) 



;i,2)(-3,-2,-2)(-'-) + (l,2)(3,2,-2) 



27 ,(2) 



+(1,1 

+ (3,2 

+ (3,1 
(1,2)( 
+ (1,1 



+ (3,2 
+(3,1 



27 ,(3) 



(1,2)( 

+ (1,1 
+(3,2 



27 , (4) 



+(3,1 

(1,2)( 

+(1,1 
+(3,2 

+ (3,1 



6,-l,l)M + (l,l)(0,-5,l)(+ 



l,-l,l)(+'-) + (3,l)(-2,2,-2) 
2,3,l)(-'-) + (3,l)(2,-2,2)(+'- 
3,-2,-2)(+'+) + (l,2)(3,2,-2) 
6,-i,i)(+-+) + (i,i)(0,-5,l)(- 



l,-l,l)(-'+) + (3,l)(-2,2,-2) 
2,3,l)(+'+) + (3,l)(2,-2,2)(-'+ 



3,-2,-2)M + (l,2)(3,2,-2) 
6,-1, !)(-'+) + (1,1)(0, -5, 1)(+ 
1, -!,!)(+'+) + (3, l)(-2, 2, -2) 



2,3,l)M + (3,l)(2,-2,2)(+'+ 
3,-2,-2)(+'-) + (l,2)(3,2,-2) 
6,-l,l)M + (l,l)(0,-5,l)(- 
1, -!,!)(-'-) + (3, l)(-2, 2, -2)' 
2,3,l)(+'-) + (3,l)(2,-2,2)(-'- 



'+) + (1,2)1 
^+(1,1)(0 
+ (3, 1) 

-'-) + (l,2) 

-^ + (i,i)(o 

+ (3, 1) 



+'-) + (l,2) 

-^ + (i,i)(o 

-'-^ + (3, 1) 

-'+^ + (1,2) 
+) + (l,l)(0 



+,+) 



+ (3, 1) 



-3,3,l)(-'+) 

0,4)(+'-) 

-4,-l,l)(-'-) 

-3,3,1)(+'-) 

0,4)(-'+) 

-4,-l,l)(+'+) 



(102) 



(103) 



-3,3,1)(-'-) 
0,4)(+>+) 

-4, -1, l)(-'+) 
-3,3,l)(+'+) 



(104) 



0,4)(-'-) 
-4,-l,l)(+'- 



(105) 



where the underhned components have even parities and 11(1)/ charge 1. One can readily 
identify one generation of SM fermions, including a right-handed neutrino, as the zero modes 

of these components. 

A long-standing problem in the gauge-Higgs unification framework is the Yukawa cou- 
plings of the Higgs boson to the matter fields. Here we discuss about the Yukawa couplings 
in our model. As mentioned before, the SM Higgs is the {i — 1, |m| = 1) KK mode of the 
extra-spatial component of the gauge field, the Yukawa term at tree level has the following 
form 

I^Yukawa ^ + V'l + h-C , (106) 

where t/j^^s are the fermionic KK modes with the {I — 0,m — 0) modes appearing as 
the chiral fermions and denotes the SM Higgs field. We here identify the left-handed 
fermionic zero modes as SU(2) doublets and the right-handed fermionic zero modes as SU(2) 
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singlets, as in the SM. Therefore, the (£, |m| = 1) modes and the {^ = 0, |m| = 0) modes 
mix after spontaneous symmetry breaking. One needs to diagonahze the mass terms to 
obtain physical eigenstates. The Yukawa couplings in our model are thus more complicated 
than other gauge-Higgs unification models. However, the difficulty of obtaining the realistic 
fermion mass spectrum remains since the Yukawa couplings all arise from gauge interactions. 
One way to get realistic Yukawa couplings is to introduce SM fermions localized at an 
orbifold fixed point and make use of nonlocal interactions with Wilson lines ^\. Another 
possible solution is to consider fermions in 6D spacetime belonging to a higher dimensional 
representation of the original Eg gauge group, rendering more than one generation of SM 
fermions. In that case, mixing among generations will be obtained from gauge interactions 
and is given by Clebsch-Gordan coefficients. We expect that realistic Yukawa couplings 
could be obtained using a combination of these methods. A detailed analysis of this issue is 
beyond the scope of the paper and left for a future work. 



4- Higgs potential of the model 

Here we analyze the Higgs potential for the Eg model. To further simplify the Higgs 
potential, we need to find out the algebra of the gauge group generators. Note that the Eg 
generators are chosen according to the decomposition of the adjoint representation given in 
Eq. (EZD 

{Qi, Qa, Qy, Qx, Qi, 

1^ /^aa;(5.0,0) r^ax(-l.-ifl) 

Vaa;(-5,0,0)) V ) Vaz(l,4,0) ) V ; 

Qa(4,-4,0) 5 <5"^ 5 <5(-6,-4,0) 5 <5 (6,4,0) 5 

<5aa;(l,-l,-3), Q'''^^""^'^'^^ Q a{A,l,Z) Q'^^~^~^'~^\ 

Qa(-2,-3,3), Q''^^'^'"^^ Qx(3,-3,3), Q''^"^'^"^^ 

Q(-6,l,3), Q(6,-l,-3), Q(0,-5,-3), Q(0,5,3)} , (107) 



29 



[Qa,Q.{3,-3,3)] = ^(^a)^Q,(3,-3,3) [Qa,Q^^-''''-'^] = - j^iOlQ^^-''^''-'^ 

[Qa;(3,-3,3)iQj/{3 -3,3)] =0 [Ql ^ Qx{3-3,3)] = ^Qx{3-3,3) 

[Qx,Qx{3-3,3)] = -k\f^Qxi3-3,3) [Qy , Qx(3 -3,3)] = "^Qx(3-3,3) 



TABLE II: Commutation relations of Qa, Qx,Y,z-, Qx(3-3;3) ^^^d Q^*- where are the Pauh 
matrices. 

where the generators are hsted in the corresponding order of the terms in Eq. ( p7|) and the 
indices 

i = 1, 8 : SU(3) adj rep index ^ Qi : SU(3) generators , (108) 

a = 1, 2, 3 : SU(2) adj rep index ^ Qa '■ SU(2) generators , (109) 

Qxy,z ■■ U{l)x,Y,z generators , (110) 

a; = 1, 2 : SU(2) doublet index , (111) 

a = 1, 2, 3 : SU(3) color index . (112) 

Here we take the standard normalization for generators, Tr[QQ^ = 2. The Higgs fields are 
in the representations of (1, 2) (3, —3, 3) and (1, 2) (—3, 3, —3). We write 

$(X) = 0"-Q.(3,-3,3) i^\x) = 0.g"(-=^'=^'-=^)) . (113) 

Likewise, the gauge field A^{x) in terms of the Q's in Eq. f ll08p is 

A^{x) = A^Q, + A^Q^ + B^Qy + C^Qx + E^Qi. (114) 

The commutation relations between the generators Qa-, Qx,y,z, Qx{3,-3;3) and Q^(-3,3,-3) 
summarized in Table. HIl 



Finally, we obtain the Lagrangian associated with the Higgs field by applying Eqs. f lll3[ 
I114p to Eqs. fl63| and carrying out the trace. Furthermore, to obtain the canonical form 
of kinetic terms, the Higgs field, the gauge field, and the gauge coupling need to be rescaled 
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in the following way: 



92 , 



where gi2 denotes the SU(2) gauge coupling. The Higgs sector is then given by 



(115) 

(116) 
(117) 



^Cffiggs = \D,(P\'' - V{<P) 



(118) 



where 



V 



--E„ 



+ 



3^^ 



407ri?2 



(119) 
(120) 



where X = ^ + 9//i + 9//2- We have omitted the constant term in the Higgs potential. 
Comparing the potential derived above with the standard form ji'^cf^cf) + A(0V)^ in the SM, 
we see that the model has a tree-level //^ term that is negative and proportional to 
Moreover, the quartic coupling A = 3(?^/ (407r_R^) is related to the 6D gauge coupling g and 
grants perturbative calculations because it is about 0.16, using the value of R to be extracted 
in the next section. Therefore, the order parameter in this model is controlled by a single 
parameter R, the compactification scale. 

In fact, the (1, 1) mode of the {(3, 2)(1, —1, — 3) -|-h.c.} representation also has a negative 
squared mass term because it has the same Qi charge as the {(1, 2) (3, —3, 3) + h.c.} rep- 
resentation. Therefore, it would induce not only electroweak symmetry breaking but also 
color symmetry breaking. This undesirable feature can be cured by adding brane terms 



a 



;i21) 



R^sin^e 

where a denotes the group index of the {(3, 2)(1, —1, —3) -|-h.c.} representation. These brane 
terms preserve the Z2 symmetry which corresponds to the symmetry under the transforma- 
tion (0 — > + tt). With an appropriate choice of the dimensionless constant a, the squared 
mass of the (1, 1) can be lifted to become positive and sufficiently large. 



31 



Due to a negative mass term, the Higgs potential in Eq. fll20p can induce the spontaneous 
symmetry breakdown: SU(2) x U(l)y — )■ U(1)em in the SM. The Higgs field acquires a 
vaccum expectation value (VEV) 



One immedialtey finds that the W boson mass 

92 1/5^1 0.53 

from which the compactification scale R^^ ~ 152 GeV is inferred. Moreover, the Higgs 
boson mass at the tree level is 



which is about 152 GeV, numerically very close to the compactification scale. Since the 
hypercharge of the Higgs field is 1/2, the U(l)y gauge coupling is derived from Eq. (11191) as 

The Weinberg angle is thus given by 

sin^^,. = -^ = ^, (126) 

and the Z boson mass 

mz = ^ = mw\ - , (127) 

cost^VK V 5 

both at the tree level. These relations are the same as the SU(5) GUT at the unification 
scale. This is not surprising because this part only depends on the group structure. 



5. KK mode spectrum of each field 

Since we did not impose symmetry condition, we have KK mode for each field in this 
model. Here we show KK mass spectrum under the existence of background field for our Eg 
model. The masses are basically conrtroUed by the compactification radius R of the two- 
sphere. They receive two kinds of contributions: one arising from the angular momentum 
in the S"^ space, and the other coming from the interactions with the background field. 
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The KK masses for fermions have been given in Refs. 36|, |39|, |40| . We give them in terms 
of our notation here: 



1 
R 



+ 1) 



4g2 



4 



(128) 



where q is proportional to the U(l)/ charge of fermion and determined by the action of 
Q = 3Qi on fermions as = = 3g/\I/. Note that the mass does not depend on the 
quantum number m. The hghtest KK mass, corresponding to £ = 1 and = 1/6, is about 
214 GeV at the tree level. The range of i is 

2g± 1 



< 



[+ : for Vij(L) in ^+(-), - : for ipiiR) in ^-(+)) • 



(129) 



We thus can have zero mode for = where this condition is given in Eq. (I5T1) . 

For the 4D gauge field A^, its kinetic term and KK mass term are obtained from the 
terms 

L = I dQTr 



1 



1 



(130) 



Taking terms quadratic in A^, we get 



;i3i) 



where A^ is the background gauge field given in Eq. (H3|) . The KK expansion of is 



im 



where Y^(9,(f)) are the linear combinations of spherical harmonics satisfying the boundary 



condition Y^{it — 6, — <; 



±Y^^(6',0). Their explicit forms are 



\£+m 



Y, 



Y, 



V2 



[YU^, 



+ (-i)^y,_„(^,, 



- f-im 



for m 7^ 
] for m 7^ 



Y„ 



+(-) 



Yi^iO) for m = and (i = even (odd) 
for m = and i = odd (even) . 



(133) 
(134) 

(135) 



Note that we do not have KK mode functions that are odd under — )■ + 27r since the KK 
modes are specified by the integer angular momentum quantum numbers i and m of gauge 
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field Am on the two-sphere. Thus, the components of and Ag^(f, with (+, — ) or (— ,+) 
parities do not have corresponding KK modes. Applying the KK expansion and integrating 
about dQ, we obtain the kinetic and KK mass terms for the KK modes of A,, 



1 



i?2 



■A^"'{x)A^""'{x) 



+ 



9g| 

i?2 



sin' 9 



A'^"'{x)A^'^''{x) 



(136) 



where we have used Tr[QiQ^] = 2 and [A^{x),Qj] = qj{AUx)Qi — Ai^{x)Q^). Therefore, 



the KK masses of are 



fcos^±l)2 



(m 



B \2 

em) 



R 

9q] I dQ- 



2 

imJ ' 



(137) 
(138) 



where mf^ corresponds to the contribution from the background gauge field. Note that 
Eq. fll37p agrees with Eq. ( H9l) when i = 0. Also, since the SM gauge bosons have qi = 0, 
their KK masses are simply + 1)/R at the tree level. 

The kinetic and KK mass terms of Ag and A^ are obtained from the terms in the higher 
dimensional gauge sector 



dn{ ( Tr[id^Ae - t[A^, Ae])'] + Tr[(9^A, - t[A^, A^]y 
1 



— ^Tr 

i?2 



sin^ 
1 

sin0 



(sin eA^ + sin OA 



d^Ae-i[Ae,A^ + A, 



2n 



(139) 



The first line on the right-hand side of Eq. (11391) corresponds to the kinetic terms, and the 
second hne corresponds to the potential term. Applying the background gauge field Eq. (H3l) . 
the potential becomes 

2n 



1 



dVLTr 



-^de{smdA^) + Q - -^d^Ae -i[Ae,A^ + Ai 



(140) 
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For Ag and A^j, we use the following KK expansions to obtain the KK mass terms 

-1 

imi^O) 7WTT) 



vW+T) 



(141) 



(142) 



where the factor of 1/ ^/ i{i + 1) is needed for normalization. These particular forms are con- 
venient in giving diagonalized KK mass terms 39|]. Applying the KK expansions Eq. fll4ip 
and Eq. f ll42p . we obtain the kinetic term 



9^$^i'"(x)9^$^™(s) + d^^^:^{x)d>'^'-^{x) 



where only terms quadratic in (9^$ are retained. The potential term 

1 



(143) 



2^ 



£m(^0) 



de{smedeYfl^) + Q 



2v± 



+ 1) sin^ Q 

% 



2 n im 



olll U 



(144) 



where only terms diagonal in (£, m) are consider. Using the relation -^^dQ{sm.9d0Y^m) + 
-£(£ + l)Yim, the potential term is simplified as 



1 pay 



^ sm 6 



(145) 
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To obtain the mass term, we focus on terms quadratic in $1,2: 

1 



dVLTr 



2^<5 r^im ^fmi / o Q ^.^± , ^ 



+ 



+2tAW-,¥r]Y,tdeY,t - j7j^m"\A^ndeY,^r 



— [$2"^, ^fflj .2/1 

+ 1 1 ^ sm 6 



(146) 



Note that we have dropped the term proportional to y4^][$2, A^] because this term 
vanishes after turning the field into the linear combinations of $ and Eqs. ( 160|1 and (160|1 : 

Tr[[$i,i3[$i,if]] -> Tr[[($ + <|.t),Q][($-$t),Q]] 

oc Tr[(<l> -$+)($ + $+)] 

oc Tr[$$t] - rr[<l>t$] = (147) 

Integrating the second term of Eq. fll46p by part, we obtain 

1 



+ l)Tr[($™)'] + 2zTr[g[<l>7, $^1 



cosgTl ,^± a y± 
sin^ 

2 

±x2 



+ 1) y sm 



£(£+1)^ 2 '-^J J gi^2^ gi^2^ 



;i48) 



Therefore, the KK masses depend on the U(l)/ charges of the scalar fields. 

For components with zero U(l)/ charge, we write $1(2) (x) as 4>i{2){x)Q where Q is the 
corresponding generator of Eg in Eq. (p7|) with zero 11(1)/ charge. Taking the trace, we have 
the following kinetic and KK mass terms instead: 

L= J2 (dt,(j)T'{x)d^'(f){'^{x) + d^(j)^^{x)d^'(l)^^{x) + i{i + l^^^ixm^^ix)] (149) 

where we have made the substitution 0j — )■ g(j)i. Note that 0i is considered as a massless 
Nambu-Goldstone (NG) boson in this case. 
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For components with nonzero U(l)7- charge, we use Eq. ( 160|) and (16T|) and write $(a;) 
as (f)^{x)Qi where Qi is the corresponding generator of Eq in Eq. fl971) with nonzero U(l)7- 
charge. The commutator between Q and $ is 

[Q,$] =3[g,,Q,]0^ = 3g,0^ , (150) 

where we have used Q = 3Qi and that qj is a constant determined by the 11(1)/ charge of 
the corresponding component. Finally, the Lagrangian becomes 



'em 



(151) 



where the subscript i is omitted for simplicity. The KK masses of the complex scalar field 
(h are then 



B \2 



J Sill u 



/•,^ (cosgTl)\ 



^ 9^ r ^(cos^(^ _ (152) 



2£(£+l)y sin^^ sin^^ 

The squared KK mass [M^Y is always positive except for the lowest mode {£ = l,m = 1). 
In fact, the squared KK mass of the (1, 1) mode agrees with the coefficient of quadratic term 
in the Higgs potential f ll20p . 

IV. SUMMARY AND DISCUSSIONS 

We have reviewed a gauge theory defined on 6D spacetime with the S"^ jZ^ topology on 
the extra space. Two scenarios are considered to construct a 4D theory from the 6D model. 
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One scenario based on the S0(12) gauge group requires a symmetry condition for the gauge 
field. The other involves the Eg gauge group, but does not need the symmetry condition. 
Non-trivial boundary conditions on the extra space are imposed in both scenarios. 

We explicitly give the prescriptions to identify the gauge field and the scalar field remain- 
ing in 4D spacetime after the dimensional reduction. We show that the SU(3)cX 811(2)^ x 
U(l)y X U(l)x X U(l)/ gauge symmetry remains in 4D spacetime, and that the SM Higgs 
doublet with a suitable potential for electroweak symmetry breaking can be derived from 
the gauge sector in both models. The Higgs boson mass is also predicted in such models. 
Massless fermion modes are also successfully obtained as the SM fermions by introducing 
appropriate field contents in 6D spacetime, with suitable parity assignments on the S"^ /Z2 
extra dimension, and incorporating the background gauge field. We also discuss about the 
massive KK modes of fermions for the scenario with the symmetry condition and the KK 
modes of all fields for the one without the symmetry condition. The lightest fermonic KK 
mode can serve as a dark matter candidate. In general, they may give rise to rich phenomena 
in collider experiments and implications in cosmological studies. 

To make our models more realistic, there are several challenges such as eliminating the 
extra U(l) symmetries and constructing the realistic Yukawa couplings, which arc the same 
as other gauge-Higgs unification models. We, however, can get Kaluza-Klein modes in our 
models. This suggests that we obtain the dark matter candidate in our model. Thus it 
is very important to study these models further such as dark matter physics and collider 
physics. 
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